Range-separated ͑screened͒ hybrid functionals provide a powerful strategy for incorporating nonlocal exact ͑Hartree-Fock-type͒ exchange into density functional theory. Existing implementations of range separation use a fixed system-independent screening parameter. Here, we propose a novel method that uses a position-dependent screening function. These locally range-separated hybrids add substantial flexibility for describing diverse electronic structures and satisfy a high-density scaling constraint better than the fixed screening approximation does.
I. INTRODUCTION
The concept of screening the interelectronic Coulomb interaction has a long history in condensed matter physics. 1 In many-body theory, the interelectronic interaction is modified by a microscopic frequency-dependent dielectric constant. 2 In the context of density functional theory ͑DFT͒, screened Hartree-Fock ͑HF͒ type exchange has been combined with the local spin-density approximation ͑LSDA͒ providing successful approximations for band gaps of semiconductors. 3, 4 In finite systems, the concept of "range separation" was introduced in order to combine DFT and wavefunction theory. [5] [6] [7] In this approach, the Coulomb interaction is split into short-range ͑SR͒ and long-range ͑LR͒ components:
͑1͒
where the screening parameter defines the range separation and u represents the interelectronic distance. The short-range part of the exchange-correlation energy is then treated by semilocal approximations from DFT, whereas the long-range part is calculated from wavefunctions, specifically the HF theory at the simplest level. When → ϱ, all of the Coulomb interactions in the exchange-correlation energy are treated as LR; when → 0, all of them are treated as SR.
Range separation provides a powerful tool for combining DFT with wavefunction theory in practical applications where the decay of the exchange-correlation potential is important 8, 9 or where static correlation ͑a LR effect͒ plays a crucial role. 10 For instance, the LC-PBE functional, which combines LR HF with SR PBE exchange, yields accurate enthalpies of formation and barrier heights simultaneously ͑see Refs. 9 and 11͒. As discussed in Ref. 12 , HF is exact at LR for atoms and molecules but not for extended metals.
In a seemingly opposing approach having solid-state systems in mind, Heyd et al. proposed a screened hybrid functional known as HSE ͑Refs. 13-15͒ that incorporates SR HF-type exchange but neglects its LR portion, which is problematic in narrow band gap semiconductors and metals. 16, 17 HSE has been very successful in predicting a wide range of molecular and solid-state properties. [18] [19] [20] [21] [22] [23] These contrary views ͑keeping HF exchange for LR in LC-PBE versus SR in HSE͒ can be reconciled in a three-range hybrid which uses HF exchange only in the middle range. 24 The HISS functional combines the attractive features of both HSE and LC-PBE. 25 Range-separated hybrid functionals offer a promising route for the construction of accurate density functionals. However, most previous implementations of range separation use a universal system-independent screening parameter. It seems obvious that such an approach, despite its success, will have limitations. It has been argued that the screening parameter should rather be system dependent. 3, 6, 26, 27 In this paper, we describe an even more general approach. In the homogeneous electron gas, the size of the exchange hole measured, e.g., by the point where its first node appears, varies with the density of the gas. Therefore, it seems evident that the separation between the SR and LR interactions for an inhomogeneous system should depend on the local density. Here, we propose an approximation that uses a positiondependent screening function ͑r͒ defining a local range separation ͑LRS͒ for mixing exact ͑HF-type͒ and LSDA exchange. Our approach is presented in detail below.
II. THEORY

A. Physical idea
We propose the following form for the exchangecorrelation energy of a spin-unpolarized density:
HF,LR ͑r,͑r͔͒͒dr
We will refer to this locally range-separated functional as LRS-LSDA. For simplicity of notation, we do not include spin indices in this paper. Equation ͑2͒ is readily extended to spin-polarized systems using the spin-scaling relationship 28 for the exchange energy ͓with an ͑r͒ for each spin component͔ and the standard generalization for correlation. When is universal and position independent, this functional reduces to LR corrected LSDA, 9,29 which we will here refer to as LC-LSDA. Note that in Ref. 29 , this functional is denoted RSHXLDA. Toulouse et al. 30 suggested using a local screening parameter for DFT correlation. We here explore a LRS approach for exchange only; our aim is to combine it with LRS correlation at a later stage.
The realization and implementation of Eq. ͑2͒ is nontrivial. One should choose an appropriate screening function ͑r͒. There are several straightforward choices for the local screening parameter. In the homogeneous electron gas, the characteristic length is given by the Wigner-Seitz radius r s = ͑4 / 3͒ −1/3 . The screening parameter has dimensions of inverse length, so a trivial selection would be ͑r͒ϳ1 / r s . 30, 31 For inhomogeneous systems, the screening function can be approximated by a gradient expansion:
where s = ٌ͉͉ / ͑2k F ͒ is the reduced gradient, k F = ͑3 2 ͒ 1/3 , and ␣, ␤, and ␥ are the parameters to be determined. In the high-density limit, these choices for ͑r͒ have a better scaling behavior than constant ͑see Appendix A͒.
B. Computational implementation
The SR component can be calculated as
where h x LSDA ͑͑r͒ , u͒ is the LSDA exchange hole and erfc͑x͒ =1−erf͑x͒. This integral can be done analytically for any value of . 7, 32 Note that even though Eq. ͑4͒ is not symmetric with respect to interchange of electrons, it does not violate symmetry invariance of the total exchange energy, as explained in Appendix B.
The LR part ͑in the conventional gauge 33 ͒ is defined as e x HF,LR ͑r,͑r͒͒ = ͚ ͑r͒ ͑r͒X LR ͑r,͑r͒͒, ͑5͒
where and are the atomic orbitals ͑AOs͒ and
where P is the density matrix and V LR are the Coulomb-type electrostatic integrals ͑ESIs͒: 
Unfortunately, these expressions are computationally intractable as written. Given an arbitrary ͑r͒, the integral over r in Eq. ͑8͒ must be performed numerically. There are O͑N AO 2 ͒ matrix elements of V LR ͑r , ͑r͒͒ to be evaluated at each grid point r, yielding a total computational cost O͑N grid N AO 2 ͒. On the other hand, if ͑r͒ is constant, the integral over r in Eq. ͑8͒ can be performed analytically in a Gaussian basis set, leading to
and
where
Such analytic two-electron integrals are an essential part of Gaussian-orbital based electronic structure programs. For screened interactions, the integrals in Eq. ͑12͒ can be evaluated as a trivial modification of regular two-electron integrals. 7, 34 While their computational scaling is formally O͑N AO 4 ͒, they quickly reach their classical O͑N AO 2 ͒ asymptote for moderate size systems, 35 and a variety of linearscaling treatments have been developed for large systems. 36 Of course for → ϱ, all these expressions recover their exact values for the bare unscreened interaction.
As explained in detail below, an approximation to the screened HF exchange energy density is needed for computational convenience. An alternative approach for calculating the HF exchange energy density is the method of Della Salla and Görling. 37 In this method, which we here extend for using with screened interactions, the expression for the HF exchange energy density is simplified by introducing a resolution of the identity ͑RI͒ in an auxiliary basis identical to the AO basis and leads to the following expansion:
and S −1 is the inverse overlap matrix. Note the similarities between Eqs. ͑5͒ and ͑13͒. However, also note that while X depends on r, Q is independent of it. The former is exact whereas the latter is approximate.
Given Q, Eq. ͑13͒ can readily be evaluated at every grid point with minimal computational cost. While the orbital product ͑r͒ ͑r͒ decays exponentially with increasing distance between AOs, the Coulomb-type ESIs of Eq. ͑7͒ do not decay as fast. Thus, for constant ͑including → ϱ, i.e., the bare interaction͒, RI is usually preferred over ESIs for calculating e x HF,LR ͑r , ͒ because of its lower computational cost. 38 Note that an important savings consideration in RI is that for constant , K ͑needed for Q͒ can be obtained analytically via modified two-electron integrals, Eq. ͑10͒.
For a local screening function ͑r͒, K can no longer be evaluated analytically and has to be done numerically via Eq. ͑8͒, which involves evaluation of ESIs, so the computational advantage of RI disappears. In summary, with LRS, both the RI and exact ESI procedures have similarly steep computational costs, requiring an O͑N grid N AO 2 ͒ computational step that we wish to avoid. Therefore, we shall seek an alternative approximation for evaluating e x HF,LR ͑r , ͑r͒͒ whose computational cost is not much larger than evaluating the unscreened ͑ → ϱ͒ HF exchange energy density, which can be efficiently done via RI.
Let us recall that the TPSS exchange hole 39 was specifically constructed to reproduce the TPSS exchange energy density:
where h x TPSS ͑ , ٌ͉͉ , , e x TPSS , u͒ is the model TPSS exchange hole 39 and is the kinetic energy density. To achieve this goal, the TPSS hole expression has e x TPSS as an ingredient. We propose here to use the TPSS hole expression for reproducing the screened HF exchange energy density. We feed in the unscreened e x HF instead of e x TPSS in the above equation and integrate with the screened interaction to yield the following approximation:
For → ϱ, Eq. ͑16͒ is exact. The accuracy of this approximation is examined in the next section. Note that the conventional gauge of the HF energy density e x HF in Eq. ͑5͒ differs slightly from the gauge of the TPSS energy density e x TPSS , as studied in Ref. 33 , leading to a small error in Eq. ͑16͒ even when the integrated HF and TPSS exchange energies are equal for good reason. Because the TPSS exchange hole is based on the PBE hole model, the integral in Eq. ͑16͒ can be done ͑mostly͒ analytically, as shown in Refs. 13 and 14. This yields a procedure with rather moderate computational cost compared to the numerical integration alternatives via RI and ESIs discussed above. A recently redeveloped PBE hole model 40 can be extended to include the exchange energy density as an ingredient ͑resembling the TPSS hole͒ and still afford exact ͑as opposed to "mostly"͒ analytic integration for screened interactions.
On the ladder 41 of density functional approximations for the exchange-correlation energy, each rung represents the addition of a new ingredient: the local density, its gradient, the kinetic energy density, etc. The fourth or hyper-GGA ͑gener-alized gradient approximation͒ rung introduces the exact exchange energy density. From the perspective of ladder approximations and even though not explicit from the expressions in Eqs. ͑5͒-͑7͒, range-separated hybrids introduce further ingredients, minimally the spherically averaged exact exchange hole density h x ex ͓͔͑ ; r , u͒, and thus stand at least slightly higher than the fourth rung. In our actual implementation of Eq. ͑2͒, by using Eq. ͑16͒, we are making a hyper-GGA approximation to a range-separated hybrid.
III. RESULTS AND DISCUSSION
We have implemented LRS-LSDA into the development version of the Gaussian suite of programs. 42 All benchmark calculations were performed non-self-consistently using LSDA orbitals. For LSDA correlation, we use the Perdew-Wang parametrization. 43 The unscreened HF exchange energy density, needed as an ingredient for Eq. ͑16͒, is calculated using the RI method ͓Eq. ͑13͔͒. 37 This method works best with large and uncontracted basis sets, so we have used the uncontracted 6-311+ + G͑3df ,3pd͒ basis set unless otherwise specified. When presenting our results, we employ the convention: deviation= theory− experiment. Unless specified otherwise, we use the equilibrium B3LYP/ 6-31G͑2df , p͒ geometries and zero-point energies for all species. Thermal corrections are calculated with a frequency scale factor of 0.9854.
The performance of our approximate expression for the locally screened LR HF exchange energy, Eq. ͑16͒, can be calibrated in a benchmark case where we know the correct answer. In Fig. 1 we plot mean absolute errors ͑MAE͒ in enthalpies of formation as a function of for LC-LSDA and the same functional evaluating the LR HF exchange energy density using the TPSS exchange hole approximation of Eq. ͑16͒ instead of the rigorous expression of Eq. ͑11͒. Re- 
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Hybrid functionals with local range separation J. Chem. Phys. 129, 124103 ͑2008͒ sults presented in Fig. 1 are post-LSDA ͑i.e., done with LSDA orbitals͒ and we use the AE6 test set of standard enthalpies of formation. 44 This test set includes only six molecules, but it has been constructed to reproduce the errors of the much larger G3 set. 45 The "exact" LC-LSDA in Fig. 1 shows the lowest MAE of 10.5 kcal/ mol for = 0.60. Best results with the approximate LC-LSDA are achieved with = 0.40, where the MAE is 8.4 kcal/ mol. Therefore, we conclude that Eq. ͑16͒ yields reasonably accurate results for thermochemistry, even though the optimal screening parameters are different. Note also that these optimal values would slightly change if obtained with self-consistent orbitals as opposed to the post-LSDA procedure used here.
In order to test the proposed LRS-LSDA approach, we use Eq. ͑3͒ for the local screening parameter. We have explored the parameter space for ␣, ␤, and ␥ in Eq. ͑3͒. Our current attempts indicate that optimal results are achieved with ␣, ␥ Ϸ 0. We can then rewrite Eq. ͑3͒ in terms of the density and its gradient:
where = ͑18͒ −1/3 ␤. This choice of screening function was previously proposed by Toulouse et al. 30 In Table I , we present the results for the AE6 test set of standard enthalpies of formation with several versions of LRS-LSDA and related functionals. For each ͑r͒ approximation, we show the optimal value of the scaling parameter and corresponding MAE. Note that LC-LSDA data in this and all subsequent tables are calculated with screening parameter = 0.60. The lowest MAE in Table I is achieved with ͑r͒ given by Eq. ͑17͒ and = 0.135.
It is interesting to note that the expression ٌ͉͉ / has been used as a "local band gap." 46 For the homogeneous electron gas, the local band gap reduces to zero, and there is no HF exchange in our functional. Moreover, in regions with strongly varying electronic density, ͑r͒ → ϱ, so that HF exchange dominates. Both of these conditions have been proposed as constraints for hyper-GGAs, i.e., functionals that include the exact exchange energy density as an ingredient. 47 Also, ٌ͉͉ / was used as a characteristic scale for density variations in the early GGA of Langreth and Mehl. 48 These authors settled on the value = 0.15 which is not far from our optimized = 0.135.
Plots of ٌ͉͉ / for atoms were presented several years ago in Refs. 49 and 50. Here, in Figs. 2 and 3 , we present the plots of our screening function ͑r͒ in the Ar atom and the CO molecule, respectively. The screening function ͑r͒ has local maxima at nuclear positions, decreases in the valence region, and increases again in the density tail. Small oscillations around the nuclei are due to the use of Gaussian basis functions.
The asymptotic behavior of ٌ͉͉ / is well known. As r → ϱ, the density decays like 51 Ar 2␤ exp͑−2␣r͒, where ͑in a.u.͒ ␣ = ͑−2⑀ HOMO ͒ 1/2 and ⑀ HOMO is the highest-occupied ͑or partly occupied͒ orbital energy, and ␤ =1/ ␣ − 1 for a neutral system. ͑For the hydrogen atom, for example, ␣ = 1 and ␤ =0.͒ Thus, ٌ͉͉ / → 2␣.
Based on the results of Table I , we decided to study LRS-LSDA with = 0.135ٌ͉͉ / in more details. In Table  II , we present the calculated atomic energies for H to Ar with the large UGBS basis set. 52 We compare LSDA, LC-LSDA, and LRS-LSDA with accurate nonrelativistic energies. 53 LRS-LSDA has lower mean error per electron than either LSDA or LC-LSDA.
To assess the performance of LRS-LSDA for enthalpies of formation in more general cases, we have used the G3/99 test set of 223 molecules 45 and its smaller subset G2/97 of 148 molecules. 54 Note that we discarded the NO molecule from both benchmark sets because of convergence problems with LSDA. The results are presented in Table III . LC-LSDA dramatically reduces MAE for the G3 test set in comparison with LSDA. However, even better results are achieved with LRS-LSDA that yields MAE͑G3͒ of 5.9 kcal/ mol. For thermochemistry, LRS-LSDA is competitive with many common hybrid functionals. 55 For comparison purposes, the popular B3LYP functional yields MAEs of 3.1 and 4.9 kcal/ mol for the G2 and G3 sets, respectively. 55 Table III also shows the benchmark results for reaction barrier heights. 56, 57 The HTBH38/04 set includes the forward and reverse barrier heights for 19 hydrogen transfer reactions, and NTBH38/04 consists of 19 nonhydrogen-transfer reactions. 57 We take the best theoretical estimates of the barrier heights and the geometries of all species from Ref. 57 . From Table III , we see that LSDA substantially underestimates barrier heights. LC-LSDA and especially LRS-LSDA improve upon LSDA. Table IV presents the results for ionization potentials ͑IPs͒ and electronic affinities ͑EAs͒ in the G2 test set. 54 We dropped the ions H 2 S + , O 2 + , NO − , and N 2 + from this set again because of convergence issues with LSDA. In total, we used here 83 IPs and 57 EAs. LRS-LSDA performs much better than either LSDA or LC-LSDA. Global hybrids such as the popular B3LYP functional yield somewhat better MAE for IP ͑0.184 eV͒ and EA ͑0.124 eV͒.
55 Surprisingly, the results with LC-LSDA are particularly poor. We have repeated the LC-LSDA calculations self-consistently ͑instead of using LSDA orbitals͒, and the results are only slightly better than the post-LSDA results.
IV. CONCLUSIONS
Range-separated hybrids represent a new generation of density functionals that screen HF exchange. We have developed a novel LRS approach that uses a position-dependent screening function with an improved high-density scaling behavior. The current implementation uses a rather accurate approximation for the screened HF exchange energy density. LRS-LSDA has just one empirical parameter, fitted to experimental heats of formation. The results presented here indicate substantial improvement upon LSDA and LC-LSDA. More extensive studies of LRS are currently under way including its self-consistent implementation which is required for evaluation of analytic energy gradients and other properties.
58
ACKNOWLEDGMENTS
This work was supported by the National Science Foundation ͑Grant Nos. CHE-0807194 and DMR-0501588͒ and the Welch Foundation ͑C-0036͒. We thank Dr. Ben Janesko and Dr. Tom Henderson for useful comments.
APPENDIX A: HIGH-DENSITY LIMIT FOR THE RANGE SEPARATION FUNCTION
Consider uniform density scaling 59 to the high-density limit: 
The scaled density ͑r͒ has the same number of electrons as ͑r͒ but is higher at the origin and more contracted around it. In this limit, in the absence of exact degeneracy of the Kohn-Sham noninteracting ground state, the exact exchange energy E x ex should emerge 60 to dominate E xc :
is an exact constraint on E xc ͓͔ which can be satisfied by a hypergeneralized approximation 41, 47, 61 or by a locally range-separated hybrid. With a universal positionindependent parameter in Eq. ͑2͒, however, it is incorrectly LSDA exchange that emerges instead:
Certainly there is no reason to believe that relative corrections to the local density approximation should vanish in the high-density limit. To achieve the correct behavior of Eq. ͑A2͒, we need ͑r͒ to scale up faster than ͑r͒. Because s͑r͒ → s͑r͒ and r s ͑r͒ → −1 r s ͑r͒, Eq. ͑3͒ scales up like ͑r͒, which is much more nearly correct than is an that does not change under scaling.
Note that uniform density scaling relations for LR and SR exchange are presented in Ref. 62 .
APPENDIX B: INVARIANCE OF LRS ENERGY WITH RESPECT TO INTERCHANGE OF ELECTRONS
We can write the exact exchange-correlation energy as
͵͵ f͑r,rЈ͒ ͉r − rЈ͉ drdrЈ, where f͑rЈ,r͒ = f͑r,rЈ͒.
͑B1͒
Suppose we have an approximation f approx ͑r , rЈ͒ that does not have the exact symmetry property. We can define a symmetrized f approx,symm ͑r,rЈ͒ = 1 2 ͑f approx ͑r,rЈ͒ + f approx ͑rЈ,r͒͒, ͑B2͒ that has exactly the same energy integral as f approx ͑r , rЈ͒. 
APPENDIX C: ANALYTIC INTEGRATION OF LRS HF EXCHANGE ENERGY DENSITY
